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Abstract
We discuss flux tubes in systems with U(1) gauge, and spin-orbit locked
SO(3)S+L symmetry. The spin-orbit locking is achieved explicitly in the
Lagrangian by introducing a parity violating twist term which causes the
spontaneous breaking of SO(3)S+L → SO(2). Additionally, this term causes
a spontaneous breaking of the translational symmetry along a particular
direction. Thus, the system appears with a cholesteric vacuum under certain
conditions of the parameter space. With this term, the system admits U(1)
topologically stable vortices with additional structure in the vortex cores.
This added structure leads to additional moduli appearing in the low energy
dynamics. We determine these solutions and their low energy theory.
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1 Introduction
Both, superconductivity of the second kind, with the Abrikosov flux tubes
inherent to it, and cholesteric crystals (also known as chiral nematic crystals)
are among the most venerable physical discoveries which acquired multiple
practical applications. Recent studies of the so-called non-Abelian flux tubes
(which originally emerged in supersymmetric field theories, see e.g. [1] for
a review) led us to consider models which can have both phenomena si-
multaneously. The ground state in such models presents a superconductor
with a cholesteric structure. Topological defects of the flux tube type that
are supported in these models carry (non-Abelian) moduli, i.e. gapless (or
quasigapless) excitations of rotational type. A related dynamical pattern
that arises in condensed matter physics was discussed in [2].
The specific model we consider is characterized by the symmetry group
G = U(1)gauge × SO(3)S+L × T, (1)
where SO(3)S+L is the spin-orbit locked symmetry group of rotations, and T
is the translational group in three spatial dimensions. The spin-orbit locking
is achieved with an explicit parity violating term added to the Lagrangian,
that preserves only the locked subgroup SO(3)S+L ⊂ SO(3)S×SO(3)L. An
additional feature of this term is the spontaneous breaking of the spatial
translational symmetry along a particular direction when certain conditions
of the parameters are met. We choose this direction as our z axis:
T → Tx × Ty. (2)
Additionally, this term causes the spontaneous breaking of SO(3)S+L. How-
ever, a particular combination of the z translations and the SO(2) rotations
about the z axis will be preserved by the vacuum.
The spontaneous breaking of the U(1) gauge symmetry leading to the
Abrikosov-Nielsen-Olsen flux-tubes in the vacuum is well reviewed [3]. Our
goal in this paper is to discuss the response of the additional fields appearing
in the model when the added parity violating term is included. As this ad-
ditional term does not involve either the Higgs or the gauge vector field, the
U(1) charged vortices will remain topologically stable in this model. They
will however acquire additional structure due to the breaking of translational
symmetry in the vacuum.
When the parity violating term is small we may discuss the perturbative
effect on the low energy dynamics of the vortex. It is well known that the
dynamics of vortices in the U(1) model without the parity violating term
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reduce to a 1 + 1 dimensional model of excitations propagating along the
vortex axis. These propagating modes follow from the translational symme-
try breaking (Kelvin excitations), and other broken non-Abelian rotational
symmetries which typically follow the dynamics of a sigma model (see [4]).
In the case of a broken SO(3) rotational symmetry, the additional exci-
tations are described by a CP (1) model on the vortex. We will see that
the additional parity violating term will lift some of the CP (1) degrees of
freedom.
We will begin by discussing the model in general and introducing the
parity violating twist term. The following section will be devoted to explor-
ing the vacuum structure of the model and determining the conditions on
the parameter space required for each vacuum to be the minimum. Section
5 will discuss the vortices and discuss the details of the numerical procedure
used to obtain solutions. Section 6 will develop the low energy dynamics of
the vortices. We will discuss the results and conclude in section 7.
2 The system
The simplest model supporting flux tubes of the Abrikosov type, with non-
Abelian excitations localized on the tube was suggested in [5] based on an
extension of [6] and further studied in [4]. Its Lagrangian has the form
L = L0 + Lχ
L0 = − 1
4e2
FµνF
µν + |Dµφ|2 − λ(|φ|2 − v2)2
Lχ = ∂tχi∂tχi − ∂iχj∂iχj − γ
[
(−µ2 + |φ|2)χiχi + β(χiχi)4
]
, (3)
where the subscript i runs over i = 1, 2, 3. The field χi can be viewed as a
spin field. The covariant derivative is defined in a standard way
Dµ = ∂µ − iAµ . (4)
Under an appropriate choice of parameters the charged field φ is condensed
in the ground state,
|φ|vac = v . (5)
Moreover, if µ < v, the field χ is not excited in the vacuum
(χi)vac = 0 . (6)
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The model obviously supports the Abrikosov flux tube. Inside the tube, the
spin field χi is excited giving rise to gapless (or quasigapless) excitations of
non-Abelian type, localized on the flux tube.
Now we would like to make the next step and introduce a twist term
Lε which violates parity through mixing of the “spin term” with angular
momentum,
L = L0 + Lχ + Lε , Lε = −ηεijkχi∂jχk , (7)
where η is a deformation parameter. The spatial kinetic terms of χi including
the twist Lε, is recognized as the Frank-Oseen free energy density of an
isotropic chiral nematic liquid crystal [7]. Note that the twist term is linear
in derivatives. If η is large enough, a vacuum expectation value of χi develops
with a cholesteric structure.
Lε also breaks the orbital rotational part of the Lorentz symmetry im-
plying a spin-orbit locked symmetry of the full Lagrangian,
SO(3)L × SO(3)S → SO(3)S+L. (8)
The energy density derived from the Lagrangian (7) is
E =
1
4e2
FijF
ij + |Diφ|2 + λ(|φ|2 − v2)2 + ∂iχj∂iχj
+ ηεijkχi∂jχk + γ
[
(−µ2 + |φ|2)χiχi + β(χiχi)2
]
. (9)
Our first task is to study the vacuum (ground state) of the dynamical system
described by (7) or (9).
3 Generalities
Assuming that all couplings of the model at hand are small in what follows
we will solve static classical equations of motion (i.e. we will limit ourselves
to the quasiclassical approximation). The Lagrangian (7) contains a number
of constants: e, λ, β and γ (dimensioneless couplings) and dimensionful
parameters v, µ and η. The mass of the elementary excitations of the charged
field φ is
m2φ = 4λv
2 . (10)
In the next sections we will rescale all quantities to appear below to make
them dimensionless, for instance, distance in the direction of the flux tube
axis
z˜ = mφz , (11)
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distance in the perpendicular direction
ρ = mφ
√
x2 + y2 , (12)
and so on. Other dimensionless parameters are
b =
γ(c− 1)
4λc
, c =
v2
µ2
, a =
e2
2λ
, η˜ = η/mφ . (13)
The field χi being represented in Cartesian coordinates takes the form
χi =
µ√
2β
{
χ˜x(x, y, z), χ˜y(x, y, z), χ˜z(x, y, z)
}
. (14)
The static classical equations of motion are derived by extremization of
energy (9), in a general coordinate system they read
∇i
(√−ggij∇jχk)− ηεkji∇jχi − ∂V
∂χk
= 0 ,
Di
(
gij
√−gDjφ
)
+
√−g (2λ (|φ|2 − v2)+ γgijχiχj)φ = 0 ,
∂i
(√−ggjigklFjk)− ie2√−g (φ∗Dlφ− φDlφ∗) = 0 , (15)
where
∂V
∂χk
=
√−gγ ((−µ2 + |φ|2)+ 2βgijχiχj)χk , (16)
and
∇iχj = ∂iχj − Γkijχk (17)
is the standard curved space covariant derivative.
4 Ground state
Inspection of Lε in the Lagrangian (7) – in particular, the fact that it is of
the first order in derivative – prompts us that, generally speaking, in the
ground state translational invariance will be spontaneously broken. One
can always assume that this breaking is aligned in the z direction. Then
minimization of energy argument suggests that the spin field χi is oriented
in the x, y plane and rotates as we move in the z direction. In other words,
a cholesteric structure appears in the ground state
χi = χ0 i(z) , χi =
µ√
2β
χ˜0 i(z) ,
~ (z) =
{
cos kz, sin kz, 0
}
, (18)
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where k is a wave vector (more exactly, the wave vector is ~k, but with our
choice of the reference frame it has only the z component, ~k → {0, 0, k}).
Since the coupling between the fields φ and χ occurs only through χiχi = χ
2
0
we can also put
φ = φ0 , Ai = 0 , (19)
where φ0 is a constant. Then equations of motion (15) imply
χ0
(−k2 + ηk − γ((−µ2 + φ20) + 2βχ20)) = 0 ,
φ0
(
2λ(φ20 − v2) + γχ20
)
= 0 . (20)
First we minimize over the wave vector k and obtain
k = η/2 (21)
demonstrating that the translational symmetry is unbroken only if η = 0.
For consistency with later sections of the paper we use here the dimen-
sionless field definitions
E˜vac =
1
m2φv
2
Evac
χ˜0 =
√
2β
µ
χ0
ϕ =
φ
v
. (22)
Generally speaking the system of equations (20) has three independent
solutions representing local minima of the energy,
I)
(ϕ20)
I =
1− bβ(c−1) − η˜
2
4β
1− bcβ(c−1)
, (χ˜20)
I = (c− 1)
η˜2
4b − 1
1− bcβ(c−1)
,
E˜Ivac = −
(c− 1)2(η˜2 − 4b)2
β(c− 1)− bc (23)
II)
(ϕ20)
II = 1, (χ˜0)
II = 0, E˜IIvac = 0, (24)
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III)
(ϕ0)
III = 0, (χ˜20)
III = 1 + (c− 1) η˜
2
4b
,
E˜IIIvac =
16bc(c− 1)β − ((c− 1)η˜2 + 8b)2
64bc(c− 1)β . (25)
In this paper we always assume
c > 1, b > 0, β > 0 and a > 0. (26)
It will be necessary to determine which vacuum is the minimum for the
given parameters in (26). For the moment we will make the additional
assumption that
β(c− 1) > bc. (27)
Vacuum I represents the case where both the translational and U(1) gauge
symmetries are broken by the non-zero vacuum expectation values of χ0 and
φ0. It is easy to show from (23) that this vacuum exists and is a minimum
if in addition to (27),
4b < η˜2 < 4β
(
1− b
β(c− 1)
)
. (28)
Vacuum II as given in (24) implies the breaking of the U(1) gauge
symmetry, while preserving the translational symmetry in the vacuum since
χ0 = 0. When η˜
2 < η˜2crit1 ≡ 4b vacuum II (24) is the energy-minimizing
solution. As η˜2 crosses over η˜2crit1 there is a second order phase transition
from vacuum II to vacuum I.
We can also see that there is a second critical point
η˜2crit2 ≡ 4β
(
1− b
β(c− 1)
)
, (29)
where there is another phase transition from vacuum I to vacuum III as
η˜2 crosses over η˜2crit2 . As φ0 = 0 in vacuum III the U(1) gauge symmetry
is preserved. Thus, vortices with U(1) topological charge do not exist in
vacuum III. We will briefly discuss this case further in the sections below,
however our main focus for the paper will be on vortices in vacua I or II.
Figure 1 illustrates the vacuum energy as a function of η˜.
We may also consider the condition
bc > β(c− 1). (30)
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Figure 1: b = 1, c = 1.25, β = 8. Vacuum energy dependence on η˜ for
β(c − 1) > bc, the solid line corresponds to vacuum II, the dashed line to
vacuum I and the dotted line to vacuum III.
We can see from (23) that the vacuum energy of I is greater than the vacuum
energy of II in all cases, and is thus never a minimizing solution. In this
case we can see from (24) that the minimizing vacuum is II when
η˜2 < η˜2crit3 =
√
(c− 1)bcβ − b
(c− 1) . (31)
Additionally, when the critical point η˜2crit3 exists, there is a first order tran-
sition from vacuum II to vacuum III at that critical point. If however,
(c− 1)cβ < b, (32)
then η˜2crit3 is non-existent, and vacuum III is the only true vacuum for all
η˜2. The vacuum energy for the case bc > β(c− 1) is shown in Figure 2.
Corresponding to the breaking of translational invariance in the vacuum
I there exists a Goldstone mode related to spatially dependent phase shifts
of the cholesteric structure. In general, the cholesteric phase breaks all four
of the generators of the global translational and rotational generators pz and
~J while still preserving the linear combination kJz − pz. Thus, we expect a
Goldstone mode associated to the broken translational symmetry in the z
direction. Namely if
~(z)→ ~(x, y, z) = { cos (kz − kξ(x, y, z)) , sin (kz − kξ(x, y, z)) , 0}, (33)
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Figure 2: b = 1, c = 1.25, β = 4. Vacuum energy dependence on η˜ for
β(c − 1) < bc, the solid line corresponds to vacuum II and the dotted line
to vacuum III.
is inserted into (3) in which k = η/2 one finds that
E = Evac +
χ20η
2
4
(∇iξ)2 (34)
where i = (x, y, z). Of course the translation (33) is equivalent to a rotation
of i about the z axis by an angle ϑ = kξ , showing the preserved kJz − pz
symmetry of the cholesteric vacuum.
Since there are three broken generators by the cholesteric vacuum–Jx,
Jy, and pz + kJz–it would be naively expected that three Goldstone modes
would appear in the low energy theory instead of one. However, it can
be shown that the orientational moduli from Jx and Jy are lifted from the
spectrum for energies much lower than the pitch η/2 of the vacuum [8].
Essentially, the additional orientational moduli from Jx,y acquire mass gaps
due to their mutual interaction and interactions with pz + kJz [9]. This
effect will also appear on the low energy theory of vortices, which we will
describe in section 6 below.
5 Vortex Solutions
In this section we will discuss vortices in the three vacua discussed in the
previous section. The model (7) admits two types of vortices of which we
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Figure 3: Geometric set-up of the problem. The vortex axis, in the z di-
rection, is parallel to the wave-vector ~k which is normal to the cholesteric
planes.
will discuss only one type in detail. In vacua I and II, the accumulation of
the field χ in the vortex core can be considered as a response to the effective
potential emerging from the topological vortex in φ. In these cases, the field
χ does not carry a topological charge of its own. These vortices will be the
focus of our attention.
In contrast, one could also consider a winding of the SO(3)S+L global
symmetry by giving χi a θ dependence at large distances from the vortex
axis. This type of vortex is typically called a spin vortex and arises in models
of superfluid 3He [10]. Although, the SO(3) charged vortices in this model
present an interesting avenue, we will not discuss them further here.
5.1 U(1) topological vortices
In the search of the vortex solution we will switch to polar coordinates.
Note that finding a vortex in the cholesteric vacuum is a nontrivial numerical
problem. We will limit ourselves to the simplest case: the vortex axis parallel
to the z axis (or, which is the same, coinciding with ~k). The geometry of
our problem is illustrated in Figure 3.
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We will solve the full three dimensional numerical problem for the func-
tions
χi =
µ√
2β
χ˜i, φ = vϕ(ρ, θ, z˜), Ai = mϕA˜i. (35)
In the equations to follow, we will omit the tilde above A, χ, z, and η to
avoid cluttering the notation. We will also work in polar coordinates,
~χ(r, θ, z) = χr∂r + χ
θ∂θ + χ
z∂z,
~A(r, θ, z) = Ar∂r +A
θ∂θ +A
z∂z. (36)
Note that φ (and correspondingly ϕ) is a complex function. Additionally,
we work in the gauge ∇· ~A = 0. Then the equations of motion for χi reduce
to
1
ρ
∂ρ
(
ρ∂ρ
(
ρχθ
))
+ ρ∂2z
(
χθ
)
+
1
ρ
(
∂2θχ
θ − χθ + 2
ρ
∂θχ
r
)
+ η (∂ρχ
z − ∂zχr)− (Vχ)ρχθ = 0,
1
ρ
∂ρ (ρ∂ρχ
r) + ∂2zχ
r +
1
ρ2
(
∂2θχ
r − χr − 2ρ∂θχθ
)
+ η
(
ρ∂zχ
θ − ∂θχ
z
ρ
)
− (Vχ)χr = 0,
1
ρ
∂ρ (ρ∂ρχ
z) + ∂2zχ
z +
1
ρ2
∂2θχ
z − η
(
ρ∂ρχ
θ + 2χθ − ∂θχ
r
ρ
)
− (Vχ)χz = 0. (37)
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The equations for the gauge field A reduce to
1
ρ
∂ρ
(
ρ∂ρ
(
ρAθ
))
+ ρ∂2zA
θ +
1
ρ
(
∂2θA
θ −Aθ + 2
ρ
∂θA
r
)
− aρ
2
(
Jθ + 2Aθ|ϕ|2
)
= 0,
1
ρ
∂ρ (ρ∂ρA
r) + ∂2zA
r +
1
ρ2
(
∂2θA
r −Ar − 2ρ∂θAθ
)
− a
2
(
Jr + 2Ar|ϕ|2) = 0,
1
ρ
∂ρ (ρ∂ρA
z) + ∂2zA
z +
1
ρ2
∂2θA
z − a
2
(
Jz + 2Az|ϕ|2) = 0. (38)
The equation for the scalar field ϕ reduce to
1
ρ
∂ρ (ρ∂ρϕ) +
1
ρ2
∂2θϕ+ ∂
2
zϕ− 2i
(
Ar∂ρ +A
θ∂θ +A
z∂z
)
ϕ
−A2ϕ− (Vϕ)ϕ = 0, (39)
where
Vχ =
b
c− 1
[−1 + c|ϕ|2 + χ2] ,
Vϕ =
1
2
(
|ϕ|2 − 1 + b
β(c− 1)χ
2
)
,
Ji = i(ϕ
∗∂iϕ− ϕ∂iϕ∗). (40)
In the polar coordinates, when β(c− 1) > 4bc and ηcrit1 < η < ηcrit2 , the
vacuum solution describes a cholesteric vacuum and takes the form
χr = χ0 cos(kz − θ), χθ = χ0
ρ
sin(kz − θ), χz = 0, (41)
where we are assuming k and z are in dimensionless units. Note that this
corresponds to a vacuum which, in terms of Cartesian vectors χx, χy and
χz, has no kz − θ dependence. In order to find finite energy solutions in
this parameter range we therefore seek solutions to these equations with the
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following boundary conditions in ρ:
χz(ρ, θ, z)
ρ→∞−−−→ 0,
χr(ρ, θ, z)
ρ→∞−−−→ χ0 cos(kz − θ),
χθ(ρ, θ, z)
ρ→∞−−−→ χ0 sin(kz − θ)/ρ,
ϕ(0, θ, z) = 0, ϕ(ρ, θ, z)
ρ→∞−−−→ ϕ0eiθ,
Aθ(ρ, θ, z)
ρ→∞−−−→ 0,
Ar(0, θ, z) = 0, Ar(ρ, θ, z)
ρ→∞−−−→ 0,
Az(∞, θ, z) = 0. (42)
Additionally, there are boundary conditions on χr, χθ, Ar and Aθ, at ρ→ 0
that are required for the solution to be analytic at the origin. The bound-
ary condition on ϕ(ρ → ∞) ensures the U(1) winding of the solution. We
also demand periodicity in the angular θ direction and continuity in the z
direction. Solutions for the field χi with a = 1, b = 1, c = 1.25, β = 8,
and η = 2.2 are shown for z = 0 in Figures 4 and 5 where the cholesteric
structure is clearly visible. A plot of the density |~χ| is shown in Figure 6.
Figure 7 shows a plot of |ϕ| and Aθ as functions of ρ at z = θ = 0 indicating
the vortex structure at the origin of the xy plane. For these values of the
parameters ηcrit1 = 2 and ηcrit2 = 4. In Figures 8, 9, and 10 we show similar
plots for the same choice of parameters a, b, c, and β but with η = 0.5.
Thus, these vortices sit in vacuum II.
5.2 Numerical Technique
The differential system (37), (38) and (39) for the dynamical vortex is a
coupled set of eight differential equations that must be solved in three di-
mensions with the boundary conditions (42). In order to achieve an accurate
numerical solution in a reasonable amount of computing time and memory,
we make use of the pseudo-spectral method on a collocated grid [11]. We
expand the solution in θ and z coordinates in Fourier modes to exploit the
periodicity expected in both coordinates. For the radial coordinate we first
compactify the coordinate so that the boundary condition at infinite radius
can be implemented. For this we transform the radial coordinate r to the
12
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(a) χr, at kz = 0.
-5 0 5
-5
0
5
(b) χr at kz = pi/6.
-5 0 5
-5
0
5
(c) χr at kz = pi/3.
-0.88
-0.44
0
0.44
0.88
Figure 4: The graphs in a) b) and c) show the χr profiles as contour plots
at kz = 0, pi/6, and pi/3 respectively for η = 2.2. The three plots indicate
that the χr profile twists with pitch η/2. This is also true of the other
components χθ and χz.
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Figure 5: Shown in this figure is a contour plot of χz at kz = 0, for η = 2.2.
The plot indicates a dipole in the χz profile.
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Figure 6: Shown in this figure is a contour plot of χ =
√
χr2 + ρ2χθ2 + χz2
at kz = 0, for η = 2.2. The plot indicates the near cylindrical symmetry
of the field χ. This implies a minimal back reaction on φ and ~A due to the
twisting of χi.
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Figure 7: |ϕ(ρ)| (solid) and Aθ(ρ) (dashed) are shown at z = θ = 0 for
η = 2.2. The non-analytic behavior of |ϕ| at ρ → 0 indicates the U(1)
topological charge of the vortex solution. The functions Ar(ρ) and Az(ρ)
are negligible in comparison to Aθ(ρ), and are thus not shown.
coordinate x by
r =
Lx√
1− x2 , (43)
where L is a constant we select by choice. Typically we select L = 2 or 3
to achieve the best distribution of grid points. The radial solution is then
expanded in Chebyshev polynomials Tn(x) over a Radau collocation grid in
x. We implement our boundary condition at x → 1, which corresponds to
the large radius r →∞. It is worth mentioning that the functions Tn(x(r))
are known as the rational Chebyshev functions.
Having written the solutions in terms of the expansion modes, we trans-
form the differential equations into a coupled system of algebraic equations,
which must be solved to determine the coefficients of the expansion modes.
To solve the large system, we use a Newton’s method to achieve a solution
iteratively until convergence is observed. An added bonus of this method is
that the stability properties of the approximate solution are shared with the
linear stability of the exact solution for a large enough set of expansion modes
[12]. Thus, if our method shows convergence to a stable approximation, we
can be sure of the linear stability of our solution to small perturbations.
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Figure 8: The graphs in a) b) and c) show the χr profiles as contour plots
at kz = 0, pi/6, and pi/3 respectively for η = 0.5. Again the profile twists
with pitch η/2.
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Figure 9: Shown in this figure is a contour plot of χz at kz = 0, for η = 0.5.
The dipole is again apparent in the χz profile.
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Figure 10: Shown in this figure is a contour plot of χ =
√
χr2 + ρ2χθ2 + χz2
at kz = 0, for η = 0.5. The plot indicates the near cylindrical symmetry
of the field χ. This implies a minimal back reaction on φ and ~A due to the
twisting of χi.
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Figure 11: |ϕ(ρ)| (solid) and Aθ(ρ) (dashed) are shown at z = θ = 0 for
η = 0.5. Again, the functions Ar(ρ) and Az(ρ) are negligible in comparison
to Aθ(ρ).
6 Low energy theory of vortex moduli
It is well known that in the absence of a cholesteric structure, when η = 0,
the system with energy density (9) describes non-Abelian strings. The low
energy theory on their world-sheet is a CP (1) model for two orientational
moduli (plus the standard translational moduli of the vortex centre). When
η 6= 0, once one aligns the vortex axis with the cholesteric wave-vector, the
O(3) rotational freedom of χi is broken to the subgroup of rotations in the
plane orthogonal to ~k. Correspondingly some of the orientational moduli
have to be lifted.
To determine the low energy theory at the classical level, we rely on
the symmetries of the system following the procedure in [13]. In particu-
lar, the moduli appearing on the vortex are determined by the continuous
global symmetries of the vacuum, which are broken by the vortex core. The
continuous global symmetry group of the Lagrangian (3) with the parity
breaking term (7) is given by
Gglobal = SO(3)J × T, (44)
where T is the three dimensional translation group, and J refers to the sum
of generators S + L.
The vacua appearing in the model preserve part or all of the symmetry
group G. For vacuum I in (23) the appearance of a non-zero χ0 implies
18
the symmetry breaking of translations in the direction of the wave vector
~k ≡ kzˆ. Thus only the subgroup Tx×Ty of the translational group T remains
invariant in this vacuum. Additionally, since ~χ0 rotates in the xy-plane as
one translates in the z direction, rotations about the z direction are broken.
The wave vector ~k breaks the remainder of the SO(3)J group. However, a
glance at (18) shows that translations in the z direction are equivalent to
rotations about z in vacuum I. Thus, although vacuum I separately breaks
Tz and SO(2)Jz , a subgroup, which we will denote SO(2)J ′z ⊂ SO(2)Jz ×Tz
is preserved. Thus the complete symmetry of vacuum I is given by
HI = Tx,y × SO(2)J ′z . (45)
Vacuum II on the other hand does not break the translational or rota-
tional symmetries since χ0 = 0 in this case. Thus,
HII = Gglobal. (46)
The continuos global symmetries preserved by vacuum III are exactly
the same as those of I. Vacuum III is only distinguished from I because
III does not break the U(1) gauge symmetry.
HIII = HI . (47)
The presence of vortices in these vacua further break the symmetry of
the system. The generators of the vacuum subgroups Hi which are broken
by the vortex solution produce the moduli fields in the low energy theory.
With this in mind we may write down a low energy theory by varying the
vortex solutions through their degeneracy space. For the translations in the
x and y directions this can be achieved by replacing in the Lagrangian
χi(~x)→ χi(~x− ~ξ(t, z)),
ϕ(~x)→ ϕ(~x− ~ξ(t, z)),
Ai(~x)→ Ai(~x− ~ξ(t, z)), (48)
and expanding to second order in ~ξ(t, z). After integrating over x and y one
achieves an effective Lagrangian in the modulus fields ~ξ(t, z). If η = 0 one
may also expand the vortex solution in the orientational modulus ~S(t, z)
where the field χi is replaced in the Lagrangian
χi → Rij(t, z)χj ≡ Si(t, z)χ(~x⊥), (49)
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where ~x⊥ ≡ (x, y) are the coordinates perpendicular to the vortex axis. Rij
is the spin rotation matrix in SO(3)S . We also define χ
2 ≡ |~χ|2. Thus,
~S(t, z) satisfies the constraint |~S|2 = 1. Thus, when η = 0 the effective
theory is given by
Sη=0 =
∫
dtdz
{
1
2g2
∂αSi∂αSi +
T
2
∂αξb∂αξb
}
(50)
where g and T are calculated from the integration over x and y [4]. Here
α = (t, z), and b = (x, y). The component ξz does not appear in the low
energy theory since the vortex solution in this case is independent of z.
We now switch on η 6= 0 and observe the effects on the vortex moduli in
the various vacua. For this we focus our attention on the χi kinetic terms in
the Lagrangian. For convenience in determining the moduli fields we write
χi ≡ χ(t, ~x)Si(t, ~x), where |~S|2 ≡ 1. (51)
This definition allows for a convenient form of the kinetic terms in the La-
grangian,
Lkin = ∂µχ∂µχ+ χ2 (∂µSi∂µSi − ηεijkSi∂jSk) . (52)
Let us first consider the vortices in vacuum I. Obviously, the trans-
lational moduli ξx,y(t, z) are still existent. However, since the solutions no
longer preserve z translational symmetry, the additional translations ξz(t, z)
along the z-direction along the vortex axis may appear. However, the vac-
uum far from the vortex axis is characterized by a non-zero χi → χ0i(z).
Thus, the kinetic term for ξz(t, z) in the action is given by:
Sξz =
Tz
2
∫
dtdz(∂αξz)
2 (53)
where the tension T is given by
Tz →
∫
d2~x⊥χ20, (54)
which is obviously divergent. This is expected since the vacuum I only pre-
serves a translational symmetry in the z direction if it is accompanied by a
corresponding rotation in SO(2)Jz . However, for the parameters considered
in the previous sections the vortex solutions also satisfy the SO(2)J ′z sym-
metry to a very good approximation and thus cannot produce a dynamical
modulus from this group. For larger back reactions (due to large η >> ηcrit2
for example) on the φ and Ai fields this approximation will no longer hold,
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and an SO(2)J ′z modulus will appear in the low energy dynamics. This
SO(2)J ′z modulus can be shown to emerge on the φ field due to the back
reaction from the last term proportional to χ2 in Vϕ in (40). For large η,
χi will have a dipole term with a θ − kz dependence, and thus χ2 will have
higher multipoles (at least quadrupole) appearing in a Fourier expansion in
θ′ ≡ θ−kz. This will break the SO(2)J ′z symmetry, and lead to an additional
modulus appearing on the φ vortex solution. We will not consider this case
in further detail here.
The more interesting case occurs in vacuum II where the entire global
symmetry group Gglobal is preserved in the vacuum, and only the U(1) gauge
symmetry is broken. We will assume for this case that 0 < η << ηcrit1 . With
this constraint we may assume a vortex solution of the form
χi ≈ χ(ρ)i(z), (55)
where the modulus χ(ρ) has near axial symmetry. We now apply the trans-
lational transformations (48) and the SO(3)J transformations,
i → Rij(~ω(t, z))j ≡ Si(t, z). (56)
Expanding (52) to second order in ξ(t, z) and integrating over x and y we
find
Lkin = T
2
(∂α~ξ⊥)2 +
1
2g2
[
(∂α~S)
2 + (∂α~S)
2(∂zξz)
2 + ηεabSa∂zSb
+2∂zξz
(
(∂z ~S)
2 − η
2
εabSa∂zSb
)]
, (57)
where α = (t, z), and (a, b) are indices in (x, y). The constant g is calculated
from the integration over x and y,
1
2g2
=
∫
d2~x⊥χ(ρ)2. (58)
We emphasize for clarity that ~S in (57) has both the non-perturbative dy-
namical structure i(z) from (18) in addition to the small perturbations on
the ground state.
We first note that the second line of (57) can be expanded to first order
in ~ω with the result
2∂zξz
(
(∂z ~S)
2 − η
2
εabSa∂zSb
)
= −η∂zξz∂zωz +O(~ω2). (59)
Combining this with the O(ξ2z ) and O(ω2z) in the first line of (57) we find
Lkin ⊃ 1
2g2
[
∂z
(η
2
ξz + ωz
)]2 ≡ 1
2g2
(
∂zω
′
z
)2
, (60)
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which simply enforces the (approximate) SO(2)J ′z symmetry of the vortex.
Thus, only one of the two moduli coming from the broken z translations and
the SO(2)Jz rotations survives as a low energy dynamical field.
The last observation we wish to discuss is the remaining two rotational
moduli ωx,y from the degeneracy space SO(3)Jz/SO(2)Jz . Expanding the
first line of (57) to second order in ωx,y we arrive at
∂zSi∂zSi = ((∂zωx + kωy) sin kz − (∂zωy − kωx) cos kz)2 +O(ω3). (61)
To obtain this formula we expand Si to first order in ω using
~S = ei~ω·~L~ ≈
(
1 + i~ω · ~L
)
~ =
 cos kz − ωz sin kzsin kz + ωz cos kz
ωx sin kz − ωy cos kz
 . (62)
Taking the derivative of this expression and squaring gives us the formula
(61).
We observe for ∂zωa  ηωa that
(∂zSa)
2 ≈ (∂zωy)2. (63)
Thus, for high energy excitations in ωa, the modulus ωy survives as a mass-
less degree of freedom.
On the other hand if ∂zωi  ηωa we have
(∂zSi)
2 ≈ η
2
4
(
ω2x + ω
2
y
)
+ (derivatives of ωa). (64)
As expected, at low energies the two moduli from SO(3)Jz/SO(2)Jz are
lifted due to the emerging mass terms in ωx,y.
The interpretation of the high energy result (63) is that at high momenta,
the twisting structure of the vortex is decoupled from the excitations, and
the original sigma model for η → 0 reappears approximately. However, low
energy excitations see an average over many cycles of the vortex twisting
leading to a lifting of the moduli ωx,y (see [8]). We point out that the high
energy result (63) cannot be disregarded on the grounds of classical low
energy dynamics. Indeed it is quite possible for the energy of the excitation
to be larger than η while still being low energy relative to the width of the
vortex.
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7 Discussion and Conclusions
We have observed some of the effects of a parity violating twist term in
the Lagrangian (7), which is linear in the derivative. The most important
of these observations is a new cholesteric vacuum field configuration which
break translational and rotational symmetry. In addition, we have discussed
vortex solutions with the gauge U(1) topological charge in the two vacua (I
and II) where such vortices are allowed classically.
We have deduced the essentials of the classical low energy excitations of
such vortices. This was achieved by appealing to symmetry arguments when
the twist term can be treated as a perturbation of the original Lagrangian
(3). In particular, we have observed the emergence of a new translational
modulus ω′z appearing in (60). In addition, we have observed the lifting of
the non-Abelian moduli ωx,y of the original (1 + 1) dimensional O(3) sigma
model. For the case of vortices in vacuum II this occurs for low energy
excitations of ωx,y which develop a mass proportional to η. On the other
hand, excitations with momenta much larger than η probe the vortex line
at small enough distances where the twist effect decouples.
This paper has focused on the dynamical effects on vortices with a U(1)
topological charge after introducing a parity violating twist term in the La-
grangian (3). However, several topics of this system remain unanswered
and could provide avenues of future research. Specifically, although we have
mentioned the existence of vortices with a non-Abelian global SO(3)S+L
charge, we have not discussed their solutions in detail. These solutions are
the so called disclinations. They are similar to the vortices in a biaxial
nematic liquid crystal where the non-zero value of η and χ0 leads to a de-
generacy space SO(3) with non-trivial fundamental group. The details of
these vortices in cholesteric liquid crystals have been worked out (see [7] or
[14] for example), however their properties in the present context, with the
additional U(1) gauge symmetry, are yet to be discussed (although see [15]).
Our discussion of the low energy excitations has been confined to a clas-
sical discussion. We have not considered the quantization of the zero modes,
which is a non-trivial topic when the system is not Lorentz invariant [16]
and spacetime symmetries are broken [17].
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